1. Introduction: the Prandtl airfoil theory. The approximate theory of three-dimensional airfoils known as the "lifting-line" theory was formulated in 1918 by L. Prandtl.1 It has been in general use since then, and a number of different techniques have been developed for the numerical solution of the equations involved. Notable among these are the methods of Glauert,2 Lotz,3 and Multhopp. 4 The first two of these are based upon the use of trigonometric series, while the third involves solution of an integral equation by successive numerical approximations. In the present treatment, the Prandtl theory is formulated in terms of an integral equation of a classical type, and a practical solution in terms of its eigenfunctions is carried out. It is believed that certain advantages are offered by this procedure.
In the Prandtl theory the wing is assumed to be at rest in an incompressible fluid of infinite extent, whose velocity is uniform far upstream. The effects of viscosity are neglected, except as they are required to explain the presence of circulation about the wing. The wing is then replaced by a single vortex filament, or "lifting line", having at any spanwise station a strength equal to the circulation about a contour enclosing the wing at that station. There extends downstream from the lifting line a discontinuity surface, called the trailing-vortex sheet; hence the region is multiply connected. It is assumed that all the velocity components induced by the vortex filament and the vortex sheet are small in comparison with the undisturbed stream velocity; the vortex sheet may then be assumed to be approximately plane and to lie in the direction of the undisturbed velocity vector, at least for purposes of calculating certain induced velocity components at the lifting line.
The remaining approximation of the Prandtl theory is required to relate the circulation r about any section of the wing to the geometry of the wing at that section and the induced velocity at the same point on the lifting line. Let us select a coordinate system such that the distance along the span is denoted by y, as indicated in Fig. 1 ; let U denote the undisturbed stream velocity, c(y) and a(y) the chord and angle of attack of the wing at y, and w(y) the z component of the induced velocity at point (0, y, 0) on the lifting line. The relation assumed by Prandtl, by analogy with the production of circulation about an airfoil in two-dimensional flow, is | Ucm(a -jjJ,
where m{y) is a number that is characteristic of the airfoil profile at y, namely the slope of the lift-coefficient curve for two-dimensional flow.
The most important practical problem of three-dimensional airfoil theory is the determination of T(y) when the geometrical properties a, c, and m are prescribed functions of y; this requires tbe calculation of w(y) in terms of T(y). The strength of the vortex sheet, which according to the approximations stated above does not vary In such a plane the induced flow is steady and two-dimensional, and by symmetry the induced velocity components in the y and z directions are twice as great as at the corresponding points in the plane of the lifting line. Let <p(y, z) be the velocity potential of the induced flow in Trefftz' plane. The jump in the value of <p at the discontinuity surface is seen to be equal to T(y)] i.e. r (y) = <p{y, +0) -<p(y, -0) (2) = 2<p(y), say. r(3)
It should be noted that, whereas the velocity potential has equal and opposite values on the two sides of the discontinuity surface, the z component of the velocity is continuous at this surface.
2. Formulation as an integral equation. It is convenient at this point to employ the transformation y + iz = a(f + r1) by which the region exterior to the trace of the vortex sheet is mapped on the region outside the unit circle in the £ plane. Here 4a denotes the span of the wing. If f = re,e, the second and third of Eqs. 
Several procedures have been suggested for the numerical solution of this nonhomogeneous boundary-value problem of the third kind. Lotz3 used trigonometric expansions of the functions <p, f, and g; this leads to an infinite set of non-homogeneous linear equations for the Fourier coefficients of <p. This set is different for each choice of / and g, i.e. for each wing planform and angle-of-attack distribution. Schroder6 and Gebelein7 have set up the integral equation corresponding to the boundary-value problem, and Schroder has proposed a solution in terms of its eigenfunctions.
In the present treatment we formulate the integral equation by a somewhat different process, and carry out the practical solution in terms of its eigenfunctions. It appears that this recourse to the underlying mathematical character of the problem leads to certain essential simplifications, since the eigenfunctions and eigenvalues are characteristic of a planform (/)-in fact, of a family of planforms-and do not depend upon the angle-of-attack distribution (g).
In view of the antisymmetrical character of the problem, Eq. (6) 6 -r g(r) dr.
If we multiply both sides of Eq. (7) by [f(8)]1/2 and denote f1'2 <p by $, we obtain a new integral equation involving a symmetrical kernel K(6, r) = K(t, by the series
where
and the series (13) is absolutely and uniformly convergent in the interval; provided that y(9) can be represented in the form
Jo
The function F(6) has been defined in the form (14); consequently it can be expanded in the form of equation (13):
Thus a simpler form of Eq. (9) is obtained: After discussing briefly the physical meaning of the eigenfunctions, we shall consider the problem of their numerical computation and present typical examples.
4. Physical interpretation. The preceding formulation has been largely mathematical. Although the theorems of the Hilbert-Schmidt theory tell us that the homogeneous Eq. (10) must have positive real eigenvalues, we have at present no insight into their physical significance. Returning to our original notation, we have
It is clear that positive eigenvalues correspond to negative values of the profile parameter m0 , which is the reference value of the two-dimensional lift slope. Now, the homogeneous problem [Eq. (10) ] amounts to the determination of the circulation distribution of the wing in question when its angle-of-attack distribution a(y) is identically zero. We see that this problem has non-trivial solutions only for discrete negative values of the lift slope.
Physically, this result is easily understandable. The untwisted wing at zero incidence can produce lift only when its induced velocities (downwash) act to reinforce the circulation, and this can occur only when m is negative! That this can occur only for certain discrete values also seems reasonable. The close analogy with the existence of selfreinforcing free vibrations of an elastic system at certain discrete natural frequencies is also obvious.
The eigenvalues are therefore the particular values of the parameter X for which the wing planform in question, with no twist and zero incidence, has non-vanishing lift distributions. The eigenfunctions represent these distributions.
5. Numerical calculation of eigenfunctions. So far, we have assumed implicitly that the eigenvalues and -functions were known, so that the solutions represented in Eqs.
(16) and (17) could be carried out. We shall now consider the practical problem of their numerical determination.
There are numerous methods available for this calculation,* and a few of them have been tried out on this problem. One that is used in vibration problems has been adopted, but no assurance can be given that it is the most accurate or the easiest.
In this procedure, we resort to the approximate expression of the in finite trigonometric series. The numerical calculation of each <£>,■ is then analogous to that proposed by Lotz3 for the inhomogeneous case, but can be simplified by virtue of its homogeneity.
Returning to our original notation, as in Eq. (7), we have for the homogeneous case 
This procedure has been employed to calculate approximately the eigenvalues and -functions of a widely-used family of planforms, namely the family of "trapezoidal" wings, whose chord length c(y) varies linearly from y = 0 to y = 2a. The results will be presented below.
Examples. A. Elliptic planform.
This case is represented by cm = {cm) a sin 6 or /= 1. •f i -t I cos e r The approximate calculation described above has been applied to this case. It is important to notice that / depends on the taper parameter t, but not on the aspect ratio. Consequently, the terms in Eq. (20) are independent of aspect ratio, and each set of eigenvalues and -functions can be used for an entire family of planforms having the same taper ratio.
The numerical results for this class of wings are summarized in Tables I-III 0), respectively. These formulas will not be developed here, since they are quite analogous to those employed in other methods of calculating spanwise load distributions. 13 An additional simplification occurs in most practical cases because the planform is symmetrical about its center-line y = 0. This makes f(0) symmetrical about 6 = x/2, and it is then found that <pi , <P3 , <Ps , ■ • • are symmetrical while <p2 , <p4 , • • • are antisymmetrical; thus half of the coefficients ci"' are identically zero. The trapezoidal planforms of the preceding section provide an example of this. In this situation it is clear that symmetrical and antisymmetrical lift-distribution problems are independent of one another; i.e., symmetrical a{y)'s will produce only symmetrical T(y)'s, and antisymmetrical a(y)'s will produce only antisymmetrical V(y)'s. Obviously, practical problems involving arbitrary a(y)'s will usually be handled by considering the symmetrical and anti-symmetrical parts of a{y) separately. In summary, it may be said that, for rigid wings, the use of eigenfunctions reduces every lift-distribution calculation to the same simplicity that ordinarily occurs only for the elliptical planform. However, since the eigenfunctions are not conveniently tabulated and are not as simple as trigonometric functions, this simplification is partly illusory, and for practical use one actually works with the Fourier constants clm). Nevertheless, the simplification represented by Eqs. (25), (26), and (27) is very great; one calculates the span loading r by a straightforward process requiring only the Fourier coefficients of the angle-of-attack function g, besides tabulated quantities. No procedure of successive approximations is required.
8. Formulas for practical application (elastic wings). In the case of the elastic wing, whose ultimate geometrical configuration is determined by the airload distribution, it appears that the present theory may offer rather important possibilities. At present, calculations for such wings are either made without attention to the aerodynamical principles of the Prandtl theory-i.e. by neglecting the effects of the trailing vortex sheet entirely-or by assuming special and simple geometrical and elastic properties, which may be completely inapplicable to wings encountered in practical engineering problems. Another method is to perform a process of successive approximations, estimating the elastic deflection from the rigid-wing airloads, repeating the rigid-wing calculation for the deflected wing, and so forth. It is clear that this process must fail at each of the so-called divergence speeds, where the elastic restoring force in some mode of deflection becomes insufficient to resist the air forces. It is also likely that the convergence of the process becomes poor as such a divergence situation is approached, and that this will make it impossible either to predict the divergence speed or to calculate air loads with satisfactory accuracy near such a speed.
To attack this problem, we first note explicitly that the load distribution pUY(y)* is linearly related to the angle-of-attack distribution a(y) or g (9) , according to the Prandtl theory considered here. Let us denote by (P[</] the circulation distribution of a given wing at the speed U when the angle-of-attack function is g(d). Thus <9[g] is the "Prandtl functional" calculated in the preceding paragraphs, i.e.
r = (%]
and it is linear in g; i.e. Moreover, the elastic deflection (twist) is determined by a linear functional involving the load distribution pUT(y). Ordinarily, it is satisfactory to calculate this deflection by means of the torsional influence function F{y, if), which denotes the angular twist at y due to a concentrated unit torque at 77. This function can be calculated or it can be determined experimentally; for practical airplane wings it is often a very irregular function. It is used to calculate the elastic twist as follows: 
<32>
It should be noticed that there are two terms on the right-hand side of Eq. (32) involving only known functions and a third involving the elastic deflection. Equation (32) is a linear integral equation of second kind, but involves a very complicated kernel. Its solution might be found in terms of the eigenvalues and -functions of the homo-geneous case, i.e. the case cm = gr = 0. These eigenvalues would represent the values of %pU2(cm)0 for which wing deflection would occur with no initial moment or angle of attack; viz., the divergence speeds.
For practical calculation, using the present technique of handling the Prandtl problem, we make use of a symbolism that is equivalent to Eqs. (6) where the terms have the following physical meanings: Cn = nth "Fourier" coefficient, for expansion in <pn(9)'s, corresponding to the twist due to the aerodynamic-center moments cm(y), at unit dynamic pressure. Dn = EnMr) = nth "Fourier" coefficient corresponding to the twist due to the rigid-wing airload distribution, at unit dynamic pressure. /a Enibte) = nth "Fourier" coefficient corresponding to the twist due to the airload resulting from elastic twist, at unit dynamic pressure. Moreover, Eni is equal to [X/(X -\i)]Fni , where Fni is the nth "Fourier" coefficient for the series expansion of the twist produced by the circulation distribution , at unit dynamic pressure.
It is clear that the elastic-wing problem is solved when the b'n" are determined from Eqs. (36), since they define the only unknown function, the elastic deflection under load. It is seen that the essential calculation required for the elastic wing is the determination of a set of Fni s, i.e., one must calculate the elastic deflection under a loading proportional to each <pi for a sufficient number of values of i, and must then determine the "Fourier" coefficients of these deflections. To do this, it is most convenient to use the formula f* 2 T Fni -X) °m ' / ©;(0) sin 8 sin md dd, 
J0
Equations (36) are most conveniently solved by standard matrix methods.14 Of the several techniques available, the partial-fraction type of expansion* gives the most engineering information, since the latent roots, which appear as simple poles in the expansion, correspond to the divergence speeds of the wing, as has been mentioned above.
Once again it will be found that, for a symmetrical planform, the symmetrical and antisymmetrical distributions are independent of one another. Thus a set of odd-numbered and a set of even-numbered latent roots appear, corresponding respectively to divergence in symmetrical and antisymmetrical modes, and so forth.
In summary, the following may be said regarding the present treatment of the problem of the elastic wing. The integral equation of the problem, Eq. (32), has been put into matrix form, and an essential feature of the treatment is the proposal that matrix techniques be used for numerical solution. Moreover, in making this formulation, essential use has been made of the knowledge of a complete set of functions, the eigenfunctions of the planform, for which the Prandtl functional can be written dowTn immediately.
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Incidentally, it may be mentioned that Mr. Lawrence's work has progressed somewhat farther than the material presented here. He has extended the calculations, in practical form, to problems of aileron reversal, wing deflection and divergence in accelerated flight, and other similar cases. It is expected that his results along these lines will be published soon.
